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To Blaine Lawson on the occasion of his 70th birthday. 
1. Introduction 

1.1. Euler-Chow series. Zariski was the first in propose to compute the 
dimension of linear systems in P 2 passing for a fixed number of points in 
general position with a given multiplicity. There has been a lot of work in 
that direction since then. We can say that in general it is an important 
and interesting problem to compute the dimensions of different linear sys- 
tems. It turns out to be a very hard problem as we will see that this is 
"uncomputable" in some sense if we have 9 or more general points in P 2 . 

It has also been of great interest to study the use of topological invariants 
on moduli spaces and mathematical physics in the last two or three decades. 
In particular we are interested in the class of invariants for projective vari- 
eties arising from the Euler characteristic of their Chow varieties. 

In the case of the blow up of P 2 at a finite number of points the problem 
posed by Zariski merges with the topological invariant, more precisely, with 
computing the Euler characteristic of Chow varieties of this variety. 

We start by introducing the Euler-Chow series in general and then we see 
what form it takes in the particular case that we are interested here. We 
can take any of the equivalence relations we have for cycles; here we take 
homological equivalence. The reader can look at other cases in [EK2J. 

In particular it is worth mentioning that the series can be defined in 
different categories with resulting series generalizing well known series. For 
instance, in the category of pure motives, modulo some relations, our series is 
called the Motivic Chow series and generalizes the motivic zeta series of Yves 
Andre. It is also interesting to see that in the category of algebraic varieties 
over a field k, our series takes a form that generalizes the Motivic Zeta 
series of Kapranov |EK1] , and this also generalizes the Motivic Zeta series 
of Andre Weil. We shall see that the Euler-Chow series (in codimension 1) 
is the Hilbert series for X if Pic(Y) = Z. 

A series that can be defined in different categories and generalizes impor- 
tant series, like the ones mentioned, is a series that can be very interesting 
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to define and study in the most general setting where it can be defined. One 
can guess that much information can be obtained when this is done. 

In this paper we consider the Euler-Chow series, whose coefficients are 
the Euler characteristic of Chow varieties instead of motives or classes in 
the category of varieties over k. Among other things, we are interested in 
the case where X is the blow up of P 2 at a finite number of points in general 
position. 

For these cases it is also worth saying that there is a relation between the 
series and the Cox ring, as it will be shown. 

The Euler-Chow series has been computed for some examples. In the cases 
where it is possible to compute, it has turned out to be rational. Once we 
have a rational function as the generating function, we can compute, with 
a little algebra, the coefficients that are the Euler characteristic of Chow 
varieties of the variety where the series is taken place. For the examples 
we have worked out here, the Euler characteristics of Chow varieties are 
the dimensions of complete linear systems. In particular we can solve the 
problem posed by Zariski for all multiplicities when the number of points is 
less than 9. 

Definition 1.1. Given a projective variety X, let A be a nontorsion element 
in its 2p-homology group H2 P (X,Z). Consider M the monoid in H2 P (X, Z) 
given by algebraic classes of effective cycles. We consider M as a multiplica- 
tive monoid by t a t b = t a+b , with a,b G M. 

The p-dimensional Euler-Chow Series of X is defined as (cf. [E] ) 

E P (X) = Y, x{C P ,x(X))-t x G Z[[M]] 
agm 

where C Pt \(X) is the Chow variety parametrizing effective algebraic p-cycles 
homologous to A, x(C P ,x(X)) denotes its Euler characteristic, and Z[[M]] is 
the ring of functions from M to Z with the convolution product. In other 
words, if / € Z[[M]] with /(A) = a\ then we can write 

Z[[M]] = J / = ]T a x ■ t x | a x G Z 1 

I AGM J 

and the product on Z[[M]] is the convolution: if / = Eagm °a ' t X an d 

9 = E/3GA/ a /3 ' then / " 9 = (Ea+/3=«5 «a • ap) • t 5 which is well 
defined as long as the product operation x : M x M — > M has finite fibres. 
We denote by Z[M] the ring contained in Z[[M]] given by the elements with 
only a finite number of ax not zero. Equivalently, Z[M] is the monoid ring 
associated to M. 

We say that / G Z[[M]] is rational if there are two elements g, h in Z[M], 
not all zero, such that g-f = h. Similarly, we say that / G Z[[M]] is algebraic 
if there exist ao, ai, 0,4 G Z[M], not all zero, such that 

a + ai f + ... + a d f d = 0. 
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If / is not rational or algebraic, we call / irrational or transcendental. 

Note that the monoid M has no additive inverse, i.e., D% + D2 = in M 
if and only if D\ = D2 = 0, which is a consequence of X being projective. 
Indeed, the projectivity of X implies that 

00 1 

(1.1) HE M * =0 > 

1=1 k=l 

where M* = M\{0}. Therefore, the monoid ring Z[M] contains an ideal 

1 = {Yl aD -t D : D e M*,a D e z} 

satisfying Hi 1 = {0} and 

Z[[M]] = hmZ[M]/l' = Z[M] 
l 

is the completion of Z[M] along /. 

Let us start with a simple example, the case of dimension zero. As before, 
let X be a projective variety. Since we are considering elements A in the zero 
group of homology, we have that A must be equal to a nonnegative integer, 
and it is well known that Cod(X) is isomorphic to the d-fold symmetric 
product SP d (X). In this case, the 0-dimensional Euler-Chow Series is 

00 

E (X) = Y,x{SP d (X))-t d 

i=0 

and a result of Macdonald [M] shows that Eq(X) is given by rational function 
Eq(X) = (l/(l-t))*( x \ 

Another familiar instance arises in the case of divisors. Let X be a smooth 
projective variety of dimension n satisfying H l (Ox) = 0. Then Pico(A) = 
{0} and Pic(X) is a subgroup of H 2 (X, Z) and hence finitely generated. Let 
Div + (A) be the space of effective divisors on X and let 

(1.2) M = Mx = Div + (A)/ ~ 

be the monoid of effective divisors modulo linear equivalence. Observe that 

A. - Given L G Pic(A), then dimiJ°(X, L) + if and only if L = O(D) 

for some effective divisor D. 

B. - Under the given hypothesis, homological and linear equivalence co- 

incide, and two effective divisors D and D' are homologically equiv- 
alent if and only if they are in the same linear system. Therefore, 
C n -i,x(X) = FH (X,O(D)) and hence x(C n _i, A (A)) = h (X,O(D)) 
with [D] = A. 

Thus, the (n — l)-dimensional Euler-Chow series is 

(1.3) E n ^{X) = ]T h (X,O(D))-t D :=E\X) 

DeM 
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From now on, we denote by E 1 (X) the (re— l)-dimensional Euler-Chow series 
of a projective variety X of dimension n and focus on E 1 (X) exclusively. 
M = Mx always refers to the monoid of effective divisors on X. 

1.2. Rationality of Euler-Chow series. In general, E l (X) is very hard 
to compute. It is only computed for some very special varieties X (cf. 
|ELF| ). It seems that in all the cases where E l (X) is "computable", it 
turns out to be a rational function. Rationality of Euler-Chow series has 
been studied in |EKlj . |ES] and |EK2j . The case of abelian varieties was 
worked out in |EH| . and for toric varieties in |Ej. It is suspected that it has 
much to do with the Cox ring of the variety. Indeed, in the known cases 
including toric varieties and the blow-ups of P 2 at points lying on a line, the 
Cox ring or the total coordinate ring (cf. [C] and |EK Wj ) 

(1.4) Cox(X)= H°(X,O x (D)) 

D€Pic(X) 

is noetherian. We have the following simple fact: 

Fact 1.2. Let X be a smooth projective variety of dimension n whose Pic(X) 
is a finitely generated free abelian group. If Cox(X) is finitely generated, then 
E 1 (X) is rational. 

The first purpose of our paper is to investigate the relation between the 
rationality of E 1 (X) and the finite generation of Cox(X). Given the above 
fact, it is natural to ask whether the converse of the above statement holds: 

Question 1.3. Under the same hypothesis as above, does rationality of 
E 1 (X) imply finite generation of Cox(X)? 

The answer to this question is negative. To construct a counterexample, 
we need the result of Y. Hu and S. Keel that characterizes a variety with 
finitely generated Cox ring geometrically |H-K| : 

Theorem (Hu-Keel). Let X be a smooth projective variety of dimension 
n whose Pic(X) is a finitely generated free abelian group. Then Cox(X) is 
finitely generated if and only if X is a Mori dream space (MDS). 

In order to explain what a MDS is, we need to introduce a few basic 
concepts in birational geometry: 

Definition 1.4. Let NE fc (X) C H 2n ~ 2k (X,M.) be the cone of effective alge- 
braic cycles of dimension k on X. That is, it is the smallest closed real cone 
in H 2n ~ 2k (X, R) containing all the effective algebraic cycles of dimension k. 
For convenience, we write NE fc (X) = NE n _ fc (X). So NE X (X) is the smallest 
closed real cone containing all the effective divisors in H 2 (X, R) . Namely, it 
is the closure Conv(Mx) of the convex hull of M x in H 2 (X, R). It is usually 
called the cone of (pseudo-) effective divisors or effective cone of divisors on 
X. 
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The nef cone NM fc (I) = NE fc (A) v is the dual of NE fe (A) in H 2k (X,R). 
In particular, NM 1 (X) C H 2 (X, R) is the smallest closed real cone contain- 
ing all the numerically effective (nef) divisors and it is a subcone of NE 1 (X) 
by Kleiman's criterion. 

A divisor D is semi- ample if the complete linear series \mD\ is base point 
free for some m € Z + . 

Let £ be a linear system on a smooth projective variety. For a general 
member D € jC, we can write 

(1.5) D = Df + D„ 

as a sum of two effective divisors, where Df is the fixed part of C satisfying 
Df C D' for every D' € C and D^ is the moving part of C satisfying 
dim(Z? At n D') < dim(D') for D' £ £ general. We call a divisor D movable 
if Df = for a general member of \D\. The smallest closed real cone in 
H 2 (A, M) containing all the movable divisors is called the movable cone of 
X and denoted by Mov(X). 

Definition 1.5. A Q-factorial projective variety X is a MDS if 

MD1. The nef cone NM 1 (A A ) is generated by finitely many semi- ample di- 
visors. 

MD2. There exists a finite collection of birational map : Xi X such 
that fi is an isomorphism in codimension one, X{ is Q-factorial, 
NM 1 (Xj) is generated by finitely many semi-ample divisors and the 
movable cone Mov(X) = U(/j)* NM 1 (A i ). 

All toric and Fano varieties are MDS. So their Euler-Chow series are 
rational. In the case of toric varieties, explicit computation where made in 

For X to be a MDS, we see that its nef cone NM 1 (X), a priori, has to 
be rational polyhedral. Another necessary condition for X to be a MDS is 
that NE X (X) is also rational polyhedral. This is clear if we apply Hu-Keel's 
theorem since NE^X) is obviously rational polyhedral if Cox(X) is finitely 
generated. We can also see this directly from MD1 and MD2: for an effective 
divisor D and a movable divisor D' on X, D + ND' is movable for >> 1 if 
D' is big when restricted to D; thus, if D ^ Mov(X), it must be contracted 
by some \D'\ for D' E Mov(A) and then it is easy to see that such D's span 
a rational polyhedral cone. 

For a smooth projective surface X, NM^X) and NE X (A) are dual to each 
other and every movable divisor on X is nef. Therefore, MD1 is sufficient 
for surfaces to have finitely generated Cox rings. That is, when dim A = 2, 
Cox(A) is finitely generated if and only if its nef cone is rational polyhedral 
and every nef divisor on X is semi-ample. Our counterexample to Question 
11.31 is exactly a smooth projective surface X with rational polyhedral cones 
NE X (A) and NM X (A) and a nef divisor that is not semi-ample. 
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Theorem 1.6. Let S be a smooth quartic surface in P 3 and X = BL5 1 be 
the blow-up of S at a point p 6 S. Then Cox(X) is not finitely generated 
and E\(X) is rational for (S,p) general. 

It has been brought to our attention that this example has already ap- 
peared in the work of Artebani and Laface [A-L] . Our argument for the 
infinite generation of Cox(X) is identical to theirs. So we do not pretend 
any originality in these parts. We have kept our argument for the readers' 
convenience. However, our proof for the rationality of E\{X) is new, to the 
best of our knowledge. 

Despite the above counterexample, we still expect that Question 1 1 .31 holds 
true for a certain class of varieties. We tentatively make the following con- 
jecture: 

Conjecture 1.7. Let X be a smooth rationally connected projective variety 
of dimension n. Then E 1 (X) is rational if and only if Cax(X) is finitely 
generated. 

Note that Pic(X) is automatically finitely generated and free if X is a 
smooth rationally connected projective variety. 

So far we do not have much evidence supporting the conjecture. But 
in the examples we have where X is rational and Cox(X) is known to be 
infinitely generated, we can always prove that E 1 (X) is irrational. And 
these examples are interesting in their own rights. 

Our first example is the blow-up X of P 2 at 9 or more points in general po- 
sition, corresponding to Zariski's problem mentioned at the very beginning. 
This is probably the "simplest" surface whose Cox rings are not finitely 
generated. It has been suspected that its Euler-Chow series is not ratio- 
nal for some time. But the irrationality of E\{X) has not been established 
until very recently. Shun-ichi Kimura notified us that there is a paper in 
preparation where it is proved that E\{X) is irrational |KKT] . 

They based their proof on the well-known fact that NE 1 (X) is not a 
rational polyhedral cone (actually not even a polyhedral cone) for such X. 
To show that E±(X) is irrational, it suffices to prove the following algebraic 
result: 

Theorem (Kimura-Kuroda-Takahashi) . Let M be a submonoid of Z m sat- 
isfying (jl.ip . Then the cone associated to a series ^2ar>t D € Z[[M]] ; i.e., 
the smallest closed real cone in Span K Af containing {D : an ^ 0}, is a 
rational polyhedron if^ar>t D is rational. Consequently, NE 1 (X) is a ra- 
tional polyhedron if E 1 (X) is rational for a smooth projective variety X of 
dimension n with Pic(X) = Z m . In particular, E\(X) is irrational for the 
blow-up X of F 2 at 9 or more general points. 

We generalize this result in two theorems 11.81 and 11.91 The proofs in these 
two theorems are completely different to the one in their theorem, in fact 
in one of our example their result does not apply to the example, as we 
will see. Before stating these two theorems we should mention that there 
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are two corollaries that give general geometric criteria for the series to be 
transcendental, Corollary 13.51 in page [16] and Corollary 13.21 in page [TU they 
are stated and proved in section [3l 

Now, we are ready to state the two theorems mentioned above 

Theorem 1.8. For every pair of integers p > 1 and r > 3, let qo(r,p) be the 
minimal positive integer q greater than r and satisfying Inequality {3. 17 ). 
Then is transcendental in the following cases: 

(1) X is the blow-up of (jp r - 1 y- 1 at A, where r > 3, p > 2, A is a finite 
set of points in (p 1 "" 1 )? 5 " 1 and contains qo(r,p) points in very general 
position. 

(2) X is the blow-up of the product P 7 " 1 " 1 x • • • x p^-i^ 1 at a finite 
set A, where p > 2, A lies on a linear subspace (p r o _1 )P _1 with 
3 < ro < mirt i l 1 [ri) and contains qo{ro,p) points in very general 
position as points of (¥ r °^ 1 ) p ^ 1 . 

For the case when X is the blow up of P 2 at A, we can say that in a way 
E\(X) is uncomputable if A consists of r > 9 points in general position. On 
the other hand, it should be pointed out that BLa P 2 can still be a MDS if the 
points in A are not in general position. For example, if A consists of points 
lying on a line, X = BL\IP 2 is a MDS and E\(X) has been computed by 
E. Javier Elizondo and Shun-ichi Kimura in |EK2j using its motivic version, 
the Chow motivic series. 

Our second theorem is 

Theorem 1.9. E 1 (X) is transcendental in the following cases: 

(1) X is the blow-up o/P 2 at a finite set A, where A contains the inter- 
section of two general cubic curves. 

(2) X is the blow-up o/P 3 at a finite set A, where A contains the inter- 
section of three general quadrics. 

(3) X is the blow-up of P r at a finite set A, where A lies on a linear 
subspace P 2 C P r containing the intersection of two general cubics. 

(4) X is the blow-up o/P r at a finite set A, where A lies on a linear sub- 
space P 3 C F r containing the intersection of three general quadrics. 

All these cases are known to have infinitely generated Cox rings: (1) is 
due to S. Mukai [Mulj . (2) is a variation of (1) due to A. Prendergast- 
Smith [P] and (3) and (4) are basically due to B. Hassett and Y. Tschinkel 
|H-T1 Example 1.8]. Hassett-Tschinkel's example is of special interest to 
us. The blow-up X of P 3 at finitely many points A lying on a plane P has 
rational polyhedral NE 1 (X), which is obviously generated by the proper 
transform of P and the exceptional divisors. On the other hand, NM 1 (X) 
is not polyhedral under the hypothesis of Theorem 11.91 |H-T| Thus, this 
gives us a smooth projective variety X with rational polyhedral NE 1 (AT), 
non polyhedral NM^X) and hence infinitely generated Cox ring Cox(X). 
The theorem of Kimura-Kuroda-Takahashi cannot be directly applied in this 
case. 
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I. 3. Euler-Chow series of Del Pezzo surfaces. The second purpose 
of this paper is to compute E\(X) for Del Pezzo surfaces. Although it is 
known that E\(X) is rational for Del Pezzo surfaces, it is only computed 
for X the blow-up of P 2 up to 3 points, as these are toric varieties and 
they were computed in [E]. Here we will try to develop a recursive formula 
for E\(X) when X is the blow-up of P 2 at r < 8 general points and carry 
out the computation for r < 4. This computation also involves quadratic 
transforms, which feature prominently in our proof of Theorem 11.81 An 
important observation should be said. It is not understood the behavior of 
the series with respect to blow-ups, we hope to be able to understand this 
behavior with the computations carried out here. 

The following sections are organized as follows: In £j2] we prove Theorem 

II. 61 and state some open questions. 

In £j3] we state some criteria for the series being transcendental. In partic- 
ular we prove Corollary 13. 51 and Corollary 13 . 21 which give a geometric criteria 
for this. We also prove a proposition that shows a nice formula that relate 
the Euler-Chow series for a birational map between two varieties under cer- 
tains conditions. It is also proved Theorem 1 1 . 8 1 and Theorem 1 1 . 9 1 which were 
stated in this introduction. We will go one step further to revisit the Mukai's 
counterexamples to Hilbert's 14th problem and show the irrationality of the 
corresponding Eulr-Chow series in Mukai's examples. 

Finally in ^ we compute the Euler-Chow series in codimension one of 
Del Pezzo surfaces. The Euler-Chow series for r > 4 are first computed in 
this paper, while the cases 1 < r < 3 were computed in a different way using 
toric varieties, see [Ej. 

Here we should mention that it is not understood how the series behave 
under the blow up. We hope the computation presented here will allow to 
see this behavior since the computations are based in the geometry of the 
surface. 

It is also important to keep in mind that at the end we are able to compute 
the Euler characteristic of Chow varieties. 

Conventions. We work exclusively over C. In the rest of the paper if X 
is a variety of dimension n, then E n ^\{X) sometimes will be denoted by 
E\X). 

2. Blow-ups of Quartic K3 

2.1. Proof of Theorem 11.61 Let L be the hyperplane divisor on S and 
C £ \L\ be the curve cut out by the tangent plane of S at p. Then C is a 
quartic plane curve with exactly one node for p € S general. Let C C X 
be the proper transform of C under the blow-up it : X — s> S. Obviously, 
C = L — 2E, where L = ir*L and E C X is the exceptional divisor of it. 

Since C is irreducible and C 2 = > 0, C is nef. Indeed, it is easy to see 
that NM 1 (X) is generated by C and L and NE X (X) is generated by C and 
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E. We claim that C is not semi- ample. That is, h°(O x (nC)) = 1 for all 
n € Z + . From the exact sequence 

(2.1) H°(O x ((n - 1)3)) -> H°(O x (nC)) -> H°(O d (nC)), 
we see that h°(O x (nC)) = 1 as long as 

(2.2) H°(O d (nC)) = 
for all n € Z+. Note that 

(2.3) E + C = K X + C = Kq 

in Pic(C) by adjunction, where i£x and i^g are the canonical divisors of X 
and C, respectively. Therefore, 

(2.4) C = Kq - E = Kq - Ql - q 2 

in Pic(C), where q\ and q 2 are the two points on C over p. Therefore, (|2.2p 
holds as long as Kq — q\ — qi is non torsion in Pic(C). 

Lemma 2.1. For a general quartic K3 surface S and a general point p G S, 
Kq — q\ — qi is non torsion. 

Proof. We fix a plane A £ P 3 and consider W C |Op3(4)| consisting of all 
quartic surfaces S tangent to A. Obviously, we have a dominant rational map 
W —•* V^i sending S to S'nA, where V^ g is the Severi variety parametrizing 
nodal plane curves of degree d and genus g. And V^i in turn dominates 
the moduli space of genus 2 curves with two unmarked points via the map 
sending C to (C, qi,qi), where C is the normalization of C and q\ and qi are 
the two points on C over the node p G C. In summary, we have dominant 
maps 

(2.5) W — > T/ 4 ,2 -> M 2 ,2//^2 

where M gn is the moduli space of genus g curves with n marked points and 
its quotient by the symmetric group E n on the n marked points is the moduli 
space of genus g curves with n unmarked points. Obviously, Kq — q\ — q 2 is 

non torsion for a general point (C, q±,q 2 ) of Ai 2j2 . □ 

Therefore, C is nef and not semi-ample and X is not a MDS. It follows 
that Cox(A') is not finitely generated by the theorem of Hu-Keel. However, 
its Euler-Chow series E\{X) can be explicitly computed as follows and it 
turns out to be rational. 

We write 

Ei(X) = E h°{aC + bE)tft b 2 

a,b>0 




E + E + E + E )h°(ad+bE)nt b 2 

a>b=0 b>a=0 b>2a>0 2a>b>0 J 
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where t\ = t c and ti = t E . 

We have proved that h°(aC) = 1 for a > 0. Hence 

(2.7) h°(aC + bE) = 1 
when a = or 6 = 0. And it is trivial that 

(2.8) h°{aC + bE) = h°{aL) = 2a 2 + 2 

when b > 2a > 0. 

When 2a > b > 0, we have 

n°(aC + bE) - h l {aC + 6£) + h 2 (aC + 6£) 

( 2 - 9 ) 6(6-1) 

= 2a6 - a - — - + 2 

by Riemann-Roch. We have the vanishing 

(2.10) h 2 (aC + bE) = h°(-aC - (6 - l)E) = 

since (-aC - (b - 1)E)L < as long as a > 0. Also h l (aC + bE) = for 
2a > b > 1 since aC + (6 — is ample in this case. When 2a > 6 = 1, we 
have 

H\O x ((a - 1)C + E)) -4 H\O x (aC + £)) -4 H\Op(ad + £7)) 

(2.11) 

-4 ff 2 (O x ((a - 1)C + £?)) -4 0, 



where /i 1 (0 a (aC+£)) = /i (O 5 ((l-a)C)). Note that h°{O d ({l-a)C)) = 
for a ^ 1 by Lemma l2.1i When a = 1, (|2.1ip becomes 

(2.12) H\O x (C + E)) i? 1 ^) " H 2 (O x (E)) 



c c 

and hence H X {C+E) = 0. Then ^(aC + E) = for all a > by induction 
using (|2.11|) . In conclusion, h x {aC + bE) = h?(aC + bE) = and hence 

(2.13) h°(aC + bE) = 2ab - a - ^ ~ ^ + 2 
when 2a > 6 > 0. 

Remark 2.2. Even without Hu-Keel's theorem, we can directly see that 
Cox(X) is not finitely generated by this computation. Setting 6 = 1 in 
(|2.13p . we obtain 

(2.14) h°(aC + E) = a + 2 
for all a > 1. It follows that the map 

(2.15) H°(C) <g> ff°((a - 1)C + E) -> ^°(aC + £) 
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is not surjective and hence there exists an irreducible curve D a G \aC + E\ 
for each a > 1. The ideal generated by {D a : a G Z + } C Cox(X) is obviously 
not finitely generated. 

Combining ([22]), (1221), dZSJ) and (|235]) . we can compute Ei(X). Al- 
though the computation is not hard, we are not going to carry it out as it 
is not very inspiring. All we need for Theorem 11.61 is to show that E\(X) is 
a rational function. For this purpose, we simply write 

(2.16) E 1 (X) = J2 £ P *MK*2 

i (a,b)£NiC\7? 

where Ni are a finite collection of closed rational polyhedral cones in ]R 2 , 
Ni PI Z 2 are the lattice points contained in Ni and Pi(a,b) are polynomials 
in a and b. Here we allow Ni to be degenerated, i.e., to be contained in a 
linear subspace. For example, the last term of (j2.6[) can be written as 



w E = E E E + 



E 

2a>f»0 2a>b>0 2a=ft>0 2a>b=0 a=b=0 



Therefore, the rationality of E\(X) follows if we can show 

Proposition 2.3. For a closed rational polyhedral cone N in MJ 1 and a 
polynomial P(t) G Z[ii, t2, i n L ^ e series 

(2.18) £ P(D)t D € Z[[M]] 

zs rational, where t D = tf 1 ^ 2 ■■■t'j l n for D = (d\, d%, d n ) and M is a sub- 
monoid of Z n containing N n Z n and satisfying (jl.ll) . 

The way we prove Proposition 12.31 also gives an algorithm to compute the 
series (I2.18p . which we will need later for the computation of Euler-Chow 
series of Del Pezzo surfaces. 

First, for each Pit) G Z[t\,t2, •••,in] ) there exists a differential operator 

TV, 

i=l 

such that 

(2.20) £ W D = QI £ t D ) 

where /j(t) G Z[ti, t 2 , t n ], Di G N n and 

^di+d2+-+(in 



2.21 



5t D dt d 1 i d4 2 ...dtfr 



for D = (di, d2, d n ). Therefore, to show the rationality of (|2.18p . it 
suffices to show that of 

(2.22) £ t D . 

DeN(lZ n 
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Lemma 2.4. Suppose that N C M. n is a closed rational simplicial cone of 
dimension m < n, i.e., it is generated by m linearly independent rational 
vectors {v i, t>2, v m G Q n }. Then (|2.22j) is a rational function in Z[[M]] 
with M a submonoid of Z n containing N n Z n and satisfying (II. ip . 

Proof. After replacing «j by Ai>j G Z n for some A G Z + , we may assume 
j), G Z n . Let 

(2.23) Sat = Z n n j^Oi^ : < ai < l| . 

Clearly, Sjy is a finite set and every v G N n Z n can be uniquely written as 

(2.24) v = w + ^2\ iVi 

i=l 

for some £ Ejv and Ai, A2, A m G N. Thus 



(2.25) £ ^ 




is a rational function. 



To show that (|2.22p is rational for an arbitrary rational polyhedral cone 
N, it suffices to subdivide N into a finite union of simplicial cones which 
meet along faces [S]. This proves Proposition l2.3l and hence E\(X) is rational 
for a general pair (S,p). 

2.2. Some further comments. If the pair (S,p) fails to be general, the 
corresponding Cox(X) might still be finitely generated. It is interesting to 
study how Cox(X) and E\(X) vary as (S,p) does. To set this up, let us 
consider 

B = {(S,p) : S is a smooth quartic surface with Pic(5) = Z, 

(2.26) p G 5 is a point such that the tangent plane of 5 at p cuts out 
on S a curve C G \L\ with a single node} C | Op3 (4) | x P 3 

and the universal family S = {(S,p, q) : q G S} C B x P 3 over B. 

Clearly, S/B has a section P given by the map B — > S sending (S,p) 
to (S,p,p). Let X be the blow-up of S along P. Obviously, at each point 
b = (S,p) G B, the fiber of X/B at 6 is exactly the blow-up Bl p S. 

Question 2.5. What is the set A M = {b G B : X b is a MDS} in B? Is it 

Zariski closed in B? 

It is tempting to think that Am consists of (S,p) with the corresponding 
Kq — qx — qi G Pic(C)tors- This, however, is unlikely to be true by a naive 
dimension count: the subvariety 

(2.27) {(S,p) G B : Kq — q\ — q2 is an n-torsion} 
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has codimension 2 in B while the subvariety 

(2.28) A M>n = {(S,p) € B : h°(aC) = 1 for < a < n, h°{nC) > 1} 

has negative expected dimension for n sufficiently large. 

It is clear that Am is the union of Am,u and hence, a priori, is a countable 
union of subvarieties of B. 

Likewise, we want to know how Ei(X),) varies: 

Question 2.6. Is Ei(Xb) a rational function for all b € B? 

3. Transcendental Euler-Chow Series 

3.1. Transcendence criteria. We will obtain our first transcendence cri- 
terion based upon the following algebraic result. 

To make the statement as general as possible, we work with i?[M] and 
-R[[M]] instead of Z[M] and Z[[M]] for an arbitrary integral domain R. The 
rationality and algebraicity of f(t) G i?[[M]] are defined in an obvious way. 

Proposition 3.1. Let M be a submonoid of I* 171 satisfying (jl.ip . J be a 

subset of M and R be an integral domain. Suppose that there is a collection 
{5 a € Hom z (Z m ,M) : a G A} satisfying 

• the minimum 

(3.1) e a = min<5 a (D) 

exists for every a € A; 

• {J a : a 6 ^4} is an infinite set, where 

(3.2) J a = {De J:5 a (D) = e a } 
for a G A. 

Then 

(3.3) f(t) = a ot D € R[[M}] 

DeJ 

is transcendental as long as ^ for every D € J. 

Proof. Basically, each 5 € Hom^(Z m ,IR) makes i?[M] into a graded ring by 

(3.4) R[M] = © ( 

dm \6(D)=d 

We can call 5(D) the weight of t D under this grading. 
Let 

(3.5) f a (t) = a D t D € R[[M]}. 

DeJ a 

Since {J a : a € A} is an infinite set, the set {f a (t) : a € A} C R[[M]] is 
also infinite since ar> ^ for all D G J. 



11 
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Suppose that f(t) is algebraic. Then there exists a nonzero polynomial 
F(t,x) G R[M,x] = R[M][x] such that F(t,f(t)) = in R[[M]]. We write 



(3.6) F(t,x) = ^ £>A** 



D x k 



DeAI k=0 



where bo,k € R vanishes outside of a finitely many pairs (D, k). 
Let II be a subset of R[M, x] given by 



(3.7) 



U=iG(t,x)= Y. CD ^ D x k : 

^ DeM k=0 

CD,k — &D,fe or co : k = for each pair (D,/c)|. 



Obviously, II is a finite set. 
For each a £ A, we let 

(3.8) fi a = min (5 a (D) + ke a ) 
and 

(3.9) G a (t,x)= Yl b D , k t D x k . 

8a(D) + k£ a =[J,a 

Obviously, G a (t,x) ^ 0, G a (t,x) G II and we see that G a (t, f a (t)) = by 
collecting the terms of F(t, f(t)) of the lowest weight fj, a under the grading 
given by S a . 

Since II is finite and {f a (t)} is infinite, there exists G(t,x) ^ G II 
such that G(t,g(t)) = for infinitely many different g{t) G i?[[M]]. In 
other words, the polynomial G(t,x) has infinitely many roots in i?[[M]]. 
Obviously, this is impossible for an integral domain i?[[M]]. This proves 
that f{t) is transcendental. □ 

Corollary 3.2. Let X be a smooth projective variety of dimension n with 
Pic(X) = Z m . If there are infinitely effective divisors D G Pic(X) each 
generating an extreme ray of the effective cone NE 1 (X) of Pic(X), then 
E 1 (X) is transcendental. Moreover, for every smooth projective variety Y 
that dominates X via a birational regular map -k : Y — >• X, E 1 (Y) is tran- 
scendental. 

Proof. Assume that A is the set of all effective classes in M that generate 
extreme rays of NE 1 (X). Since NE 1 (X) is strongly convex, there exists 
5 a G NM n " 1 (X) for each a e A, such that 8 a (D) > for all D G NE X (X) 
and 5 a (D) = if and only if D lies on the ray [a] generated by a. The 
corresponding e a and J a defined by (13. ID and (|3.2p are exactly e a = and 
J a = [a] n M. Here we are trying to apply Proposition 13. II with J = M. 
Obviously, { J a : a G ^4} is an infinite set. Consequently, 

(3.10) Y a D tD 

DeM 
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is transcendental provided that old ^ for all D G M. It follows that E 1 {X) 
is transcendental. 

For Y dominating X via a birational regular map tt : Y — > X, it is enough 
to apply the same argument as above with ir*5 a . □ 

In the case that tt : Y —> X is a composite of blow-ups at finitely many 
points, with the following lemma, we can also deduce the transcendence of 
E 1 {Y) from that of E 1 (X). 

Lemma 3.3. Let tt : Y — > X be the blow-up of a projective variety X of 
dimension > 2 at a point P and Pic(X) ~ Z m . Let D C X be an effective 
divisor and D be its proper transform under tt. Assume that D lies on an 
extreme ray of the effective cone NE 1 (X) of Pic(X) and hP{D) = 1. Then 
D also lies on an extreme ray of NE 1 (Y) and h°(D) = 1. 

Proof. Let U = X\{P} and j : U — > Y be the inverse of tt. Assume that D 
is linearly equivalent to a sum of two effective divisors D\ + L>2- It suffices 
to show that D\ and D2 are linearly dependent in Pic(Y) and D = D\ + D2 
as divisors. 

First, j~ x (D) ~ j' _1 (Di) + j" 1 (D 2 ). Let A be the Zariski closure in X 
of r l {Di) for i = 1, 2. Thus D ~ D x + D 2 . As fe°(25) = 1, thus as divisors 
D = D\ + D2. Moreover, as D lies on an extreme ray of NE 1 (A), take Do 
to be the generator of the extreme ray, thus /i (Z?o) = 1 and as divisors 
Di = XiDo for i = 1, 2, where A; € 

Let Dq be the proper transform of Dq under tt. Clearly D = (Ai + A2)-t*o 
and Di - xJDq > 0. As D ~ 5i + 5 2 , thus A = Aj5 for z = 1,2, and 
D = D 1 + D 2 . □ 

Remark 3.4. The condition h°(D) = 1 is dispensable. 

Based upon Proposition 13.11 we can deduce another criterion with the 
following observation: for an arbitrary nonzero effective divisor F of X, 

E l (X) is trancendental <^=> (1 — t F )E 1 (X) is trancendental. 

Note that 

(3.11) {l-t F )E l {X) = {l-t F )^2h°(D)t D = ^2(h°(D)-h°(D-F))t D , 

thus the nonzero terms t D of (l-t F )E 1 (X) satisfy that h°(D) > h°{D-F). 
For each effective divisor F ^ on X, let Lp C M be the submonoid 

(3.12) Lp = {D € Pic(A) : £>) > h°(X, D - F)}. 

Or equivalently, L p consists of effective divisors D such that a general mem- 
ber of I ZD I meets F properly and hence \D\ does not have F in its fixed part. 

If the cone Conv(L F ) C H 2 (X,R) has infinitely many extreme rays gen- 
erated by classes in Lp , then we can apply Proposition 13.11 similarly to the 
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proof of Corollary 13.21 to conclude that 

(3.13) ^ a D t D 

DeL F 

is transcendental provided that ap> ^ for all D G Lp. It follows that 
(1 - t F )E 1 {X) and hence E 1 (X) are transcendental. 

Corollary 3.5. Let X be a smooth projective variety of dimension n with 
Pic(X) = Z m . If there is an effective divisor F on X such that there are in- 
finitely many E G Lp each generating an extreme ray of the cone Comr(Lp), 
then E 1 (X) is transcendental. Moreover, for every smooth projective vari- 
ety Y that dominates X via a birational regular map Y — > X, E 1 (Y) is 
transcendental. 

In some special cases to be shown as follows, it is even true that 

(l-t F )E 1 (X) = E 1 (F). 

Proposition 3.6. Let X be the blow-up of¥ Tl x • • • x F Vp at a finite set A 
of points, where n > 2,Vi. Assume that A lies on a linear subspace P of 
codimension 1, i.e. the pull-back of some hyperplane Hi Q C P n o . Let the 
closed immersion i : P X be the proper transform of P. Then 

(3.14) (l-t p )E l (X) = E 1 {P). 

In particularly, under the natural isomorphism Pic(X) ~ Pic(P), the monoid 

L p = {D G Pic(X) : h°(X, D) > h°(X, D - P)}, 

is isomorphic to the effective monoid NE l {P). Moreover, for every D G Lp, 

h°(P, fO(D)) = h°(X, D) - h°(X, D-P). 

The proof of Proposition 13.61 is based upon the following facts. 

Fact 3.7. Let r,i>2 fori <i <p and X be the blow-up ofW 1 x • • ■xP r p at a 
finite set A = {Pi, • • • , P n } giving exceptional divisors E±, ■ ■ ■ , E n . Assume 
that Hi is the pull-back of the hyperplane class o/P Ti . Then 

p n p n , _ i, 

(3.15) h°(X, ^Hi + h i E i) = h°(X, Y + E J -^ AE i)i 

i=l j=l i=l j=l 

Let bj > 0, the space H°(X, Yli=i a iH% — Sj=i bjEj) can be identified with 

(3.16) {s e^ p i=l H (¥ r \aiHi) \ mult(s, Pj) > bj,Vj}. 

Proof of Proposition \3.6l We may assume that P is the pull-back of a hy- 
perplane defined by x ri = of P n . 

Assume that D G Lp. Choose s G H° (X , D)\H° (X , D - P), clearly i*s 
is a nonzero section of H (P,i*O(D)), thus i*C>(D) G Eff(P) . Conversely, 
assume that i*0{D) G Eff(P). As sections of D and i*0{D) can be identified 
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with polynomials of multiple degrees in (13.16|) . thus for Vs € H°(P, i*(D(D)), 
there exists a canonical section s\ € H° (X , D)\H° {X , D — P) such that 
i*si = s. Thus D € Lp. 

To prove the equation, we assume that D = Y^=i ij^j + Ej=i bjEj € Lp. 
There are three cases: (1) aj = 0,Vi; (2) 3aj > for some i and some of 
the bj's are positive; (3) 3aj > for some i and bj < 0, Vj. In Case (1), 
h?(D) > ==> 6,- > 0, Vj and the proposition holds trivially. Case (2) can 
be reduced to Case (3) by Equation (|3.15p . 

Thus it suffices to prove the case that D = Yli=i a %^% ~ Sj=i bjEj, where 
Ma u bj > 0. Identifying H°(X,D) with the space of multi-graded homoge- 
neous polynomials in (|3.16p . then 

H°(X, D-P)~{s£ H°(X, D) | x ri is a factor of s}; 

- {s G ^^(F^.Oifli) | mult( S ,P,) > bj,Vj}, 



H°{X,D- P) 

where Sn = 1 and 8il = if i ^ 1. Obviously the latter is isomorphic to 
H (P,i*O(D)) by applying (pTTBT) again. □ 

3.2. Mukai's construction and the generalization. In |Mu2j . Mukai 
has constructed a family of smooth projective varieties with infinitely gen- 
erated Cox ring; by establishing an isomorphism between the Cox ring of 
these varieties and the invariant ring of an action of Nagata type, he thus 
obtained a family of counterexamples to Hilbert's 14th problem. 
|Mu21 Theorem 3] can be reformulated as follows: 

Theorem (Mukai). Let r > 2 and X be the blow-up of (P r_1 )P _1 at q > r 
points in very general position. Assume that 

1 1 1 
3.17 - + - + <1. 

p r q — r 

Then Cox(X) is infinitely generated. When p = 2, it is the result in |Mulj . 

By "n points {Pi, • • • , P n } £ P r_1 in very general position" , we mean that 
any r points of {Pi, • • • , P n } after any finite sequence of Cremona transfor- 
mations span P r_1 . Here a Cremona transformation is a birational map of 
the form o~\ o$o(r 2 , where a±, 02 € Aut(P r_1 ), and 

V-.P- 1 >F r -\ (>!,••• , Xr )^ 

By "n points {Pi, • • • , P n } € (P r ~ 1 )P~ 1 in very general position", we mean 

that for 1 < i < p — 1, the i th components {P± \ • • • , Pn } G p r ~ 1 are in 
very general position. 

Note that a key fact in the proof of [Mu2| Theorem 3] is [Mult Lemma 3] , 
which says that exceptional divisors are dispensable as generators of the Cox 
ring. We observe that the proof of [Mult Lemma 3] implies that exceptional 
divisors generate extreme rays of the effective cone of X. Thus the proof of 
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[Mu2} Theorem 3] implies that the effective cone of X has infinitely many 
extreme rays. Therefore, E 1 (X) is transcendental by Corollary 13.21 

Corollary 3.8. Let r > 2 and X be the blow-up of (P r_1 )P~ 1 at q points 
in very general position, where p,q,r satisfy Inequality {3. 11 ). Then the 



effective cone of X has infinitely many extreme rays and the Euler-Chow 
series E 1 (X) is transcendental. 

With Corollary 13.21 and Proposition I3.6[ Corollary 13.81 can be generalized 
in two directions as follows. 

Theorem (Theorem ll.8p . For every pair of integers p > 1 and r > 3, 
let qo(r,p) be the minimal positive integer q greater than r and satisfying 
Inequality {3.11 ). Then E 1 (X) is transcendental in the following cases: 



(1) X is the blow-up of (p r ~ 1 )P~ 1 at A, where r > 3, p > 2, A is a finite 
set of points in (p 7- " 1 )? 5 " 1 and contains (?o( r >p) points in very general 
position. 

(2) X is the blow-up of the product P 7 "^ 1 x • • • x p^-i" 1 at a finite 
set A, where p > 2, A lies on a linear subspace (p r o~ 1 )P _1 with 
3 < ro < min? i=l {ri) and contains qo(ro,p) points in very general 
position as points of (¥ r ° ) p . 



Proof. Case (1) is a direct consequence of Corollary 13.81 and Corollary | 
Case (2) follows from Case (1) and Proposition 13.61 Note that Proposition 
I3.6l can be applied inductively on dimension to the proper transform of every 
linear subspace containing (f> r o-i)p-i_ □ 

3.3. Elliptic fibration. The purpose of this subsection is to prove that 
E 1 (X) is transcendental for some elliptic fibration. 

Theorem (Theorem II. 9p . E 1 (X) is transcendental in the following cases: 

(1) X is the blow-up o/P 2 at a finite set A, where A contains the inter- 
section of two general cubic curves. 

(2) X is the blow-up of P 3 at a finite set A, where A contains the inter- 
section of three general quadrics. 

(3) X is the blow-up of P r at a finite set A, where A lies on a linear 
subspace P 2 C P r containing the intersection of two general cubics. 

(4) X is the blow-up o/P r at a finite set A, where A lies on a linear sub- 
space P 3 C P r containing the intersection of three general quadrics. 

Proof. With Proposition 13.61 . Case (3) and (4) follows from Case (1) and 
(2) respectively. The proof of Case (1) and (2) makes use of the facts that 
X is an elliptic fibration over P 1 or P 2 . 

Case (2) is a consequence of Corollary 13.51 by setting F = Q and Propo- 
sition [379J the latter showing that there are infinitely many (— l)-curves on 
the proper transform Q of a general member of the net of quadrics. Case 
(1) follows from a similar proof as Proposition 13.91 □ 
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Proposition 3.9. Let X be the blow up o/P 3 at the base locus A of a general 
net of quadrics in P 3 and let Q be the proper transform of a general member 
of the net. Then 

(3.18) = {D € Pic(A) : h°(X, D) > h°(X, D - Q)}, 

as a submonoid of Lq under the injection Pic(X) <^-> Pic(Q), contains in- 
finitely many (— 1)- curves on Q. 

Proof. Let H, E\, E2, E% be the generators of Pic(X), where H is the 
pullback of the hyperplane divisor and E\, E2, E$ are the exceptional 
divisors of the blow-up X — > P 3 . 

The net of quadrics gives a rational map P 3 — » P 2 with A the indeter- 
minacy locus. Blowing up A gives a regular map / : X — > P 2 , which is a 
fibration of elliptic curves with sections E\, E2, E%. Each fiber of / is the 
proper transform of the intersection of two quadrics of the net and the pull 
back / _1 (r) of a line T C P 2 is the proper transform of a quadric of the net. 
So Q = f~ l {T) for a general line V C P 2 . 

Let X v be the generic fiber of / : X ->■ P 2 , J(X V ) = Pic (X^) be the 
Jacobian of X n and A C J(X V ) be the subgroup of J(X V ) generated by 
H, Ei, E2, E$. For each a G A, we have an automorphism (p a : X v —¥ X v 
by taking p to p + a; <p a corresponds to a birational self map <j) a : X — » X. 
More explicitly, for each a = dH + m\Ei + m2-E , 2 + ■•• + m sEs satisfying 
4d + mi + m 2 + •■• + mg = 0, 4> a : X —4 X is a birational map sending 
p € Xb to jj + a € Xi, on a general fiber Xj, of /. Obviously, c/> a preserves the 
liberation X/P 2 , i.e., f o(fi a = f. 

This map can be extends to all irreducible fibers of /. And since / has 
only finitely many reducible fibers, <f) a is an isomorphism 

(3.19) cp a :X\r 1 (A)^X\r\A) 

in co dimension one, where A C P 2 is the finite set of points b with reducible 
fiber Xb- In particular, <p a induces an isomorphism <p a : Q — > Q. 

For each a £ A, G a = cj) a {E\) is a rational section of /. And since (fi a is 
an isomorphism on Q, G a ■ Q is a (— l)-curve on Q. Clearly, G a meets Q 
properly and hence G a G Lq. And the orbit {G a : a € A} of E\ under the 
action of A is obviously infinite. We are done. □ 

4. Euler-Chow Series of Del Pezzo surfaces 

4.1. Some basic facts on BL\P 2 . In the computation of Euler-Chow se- 
ries of Del Pezzo surfaces, we will need some statements on divisors of the 
surfaces to be discussed as follows. In this subsection, we assume that X is 
the blow-up of P 2 at A with A being either r < 9 points in general position 
or the intersection of two general cubics. Note that —Kx is nef and effective. 
If r < 8, then X is a Del Pezzo surface and — Kx is ample. 
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Lemma 4.1. For an effective divisor D, —KxD > unless r = 9 and 
D = —dKx for some d > 0. For an integral curve D C X, D 2 > —1 and 

• D is nef if D 2 > 0; 

• D is a {—l)-curve if D 2 = —1. 

Proof. When r < 8, —Kx is ample, thus —KxD > 0. 

When r = 9, assume that D = dH—^2 i=i rriiEi and C is a generic member 
of | — Kx\- Note that C is a smooth elliptic curve under our assumptions 
on A. Suppose that KxD = and D is not a multiple of C. Replacing D 
by D — AC, we may assume that D meets C properly. Restricting D to C, 
let Pi = CnEi, then 

9 

(4.1) O x {D)\c = 3dH -^miPi = in Pic(C). 

i=l 

When A is a set of 9 points in general position, Pi, P2, Pg are 9 general 
points on C; therefore, there are no relations between them and H in Pic(C) 
and ()4.ip cannot happen. When A is the intersection of two general cubics, 
the only relation between Pi, P2, Pg and H is 

9 

(4.2) 3#-^P = 

i=i 

in Pic(C). That is, D = —dKx- Contradiction. 

Let D be an integral curve. Since (Kx + D)D = 2p a (D) — 2 > —2 and 
KxD < 0, we conclude that D 2 > —2, where p a (D) is the arithmetic genus 
of D. And D 2 = —2 only if KxD = 0, which can only happen when r = 9 
and D = —dKx', but then we have D 2 = 0. If D 2 > 0, obviously D is nef; 
if D 2 = —1, then p a (D) = and D is a ( — l)-curve. □ 

Lemma 4.2. Let D be a nonzero nef divisor on X. Then 

• D is effective. 

• H l (D) = and 

(4.3, »o (D)= (£z«£)£ + 1 , 

unless A is f/ie intersection of two general cubic curves and D = 
—dKx for some d > 0. 

• h°(D) > 1 unless A is a set of 9 points in general position and 
D = —dKx for some d > 0. 

Proof. By Riemann-Roch, 

(4.4) h°(D) - h\D) + h\D) = ( D -K*) D + 1. 

By Serre duality, h 2 (D) = h°(Kx — D). Since D is nef and — Kx is nef, 
(D-Kx)D y q an( ^ n(j£ x — £)) < for every ample divisor ff, which implies 
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that Kx — D is not effective and thus h (D) = h (Kx — D) = 0. Therefore, 

(4.5) h°(D) = (jP ~ 2 Kx)jP +l + h\D)> 1, 
and D is effective. 

By LemmalHJ -K X D > unless r = 9 and D = -dK x . If -K X D > 0, 
clearly h°(D) > 1. Then (D - K x f > 0, thus D - K x is big and nef. 
We have H l (D) = by Kawamata-Viehweg vanishing theorem and (|4.3p 
follows. 

If —K X D = 0, r = 9 and D = —dK x . If A is a set of 9 general points, 
h°(D) = 1 and we still have ^(D) = and (|4,3p . If A is the intersection of 
two general cubics and D = —dK x , h°(D) > 1. □ 

Lemma 4.3. Every effective divisor D on X can be uniquely written as 

(4.6) D = A + m 1 I 1 + m 2 h + - + mj a 

for some nef divisor A and some set of disjoint (—l)-curves I\, I2, I a such 
that Alk = for all k and mi,m2, ■■■,m a £ Z + . 



Proof. Let Df be the fixed part of \D\ and write D = + Df as in (jl.5|) . 
Note that is nef as it is easy to verify that C ■ > for every integral 
curve C. We let 

(4.7) D = D^ + Df = A + F 

where A D D^, F C Df and A is nef and maximal in the sense that A + F' 
is not nef for every nonzero effective divisor F' C F. 

First, every irreducible component / of F is a (— l)-curve. By our choice 
of A and F, I cannot be a multiple of —K x . By Lemma 14.11 / is either a 
(— l)-curve or a nef divisor. In the latter case, h°(I) > 2 by Lemma [4. 21 and 
/ cannot lie in the fixed part of \D\. Contradiction. 

Second, I\ • I2 = for two distinct irreducible components I\ and I2 of 
F. Otherwise, if I\ ■ I2 > 0, then I\ + I2 is nef and A + 1\ + I2 is nef. This 
contradicts with our choice of A. 

Last, A ■ I = for every irreducible component / of F. Otherwise, if 
A ■ I > 0, then A + I is nef, this contradicts with our choice of A. 

In conclusion, 

(4.8) D = A + F = A + m 1 I 1 +m 2 l2 + .: + m a I a 

with required properties. Clearly, this representation of D is unique since 
mt = —DIk for all k. □ 

Remark 4.4. Actually we have proved that for every effective divisor D, let S 
be the set of (— l)-curves / satisfying D I < 0. Then A = D — ■ D)I 

is nef; A ■ I = for every / € S; I\ ■ I2 = for I±, I2 G S. 

Lemma 4.5. Ze£ D be an effective divisor on X. Then H l (D) = and 
(|4.3p /io/(is 2/ and only if DI > — 1 /or aZZ (— 1)- curves I C X. 
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Proof. We write D = A + txi\1\ + mill + ... + m a I a in the form of (|4.6I) . 
Clearly, > —1 for all (— l)-curves I if and only if mi = 1 for Vi. For 
every 7j, consider the exact sequence 

(4.9) H\O x (D)) ^ H^O^-mj)) ^ H 2 (O x (D - Ij)), 

where the last term vanishes because D — Ij is effective. If H 1 (D) = 0, then 
H l {Oi j (— rrij)) = 0; as rrij £ Z + , thus mj = 1. 

Conversely, suppose that mj = 1 for Vi. We observe that if B ■ I = and 
H l {B) = 0, then H l (B + I) = by the exact sequence 

(4.10) H\O x {B)) -> H\O x (B + /)) ^(©/(-l)). 

bo we can inductively show that H 1 ^) = H 1 (A + h + 1 2 + ... + I a ) = 0. □ 

Lemma 4.6. Let D be an effective divisor on X. Suppose that r > 2. Then 

• D is nef if and only if DI > for all ( — l)-curves I C X. 

• D is ample if and only if DI > for all (—l)-curves I C X and D 
is not a multiple of —Kx when r = 9. 

• D is ample if and only if 

(4.11) D = m{-K x ) + F 

for some m 6 Z + and some nef divisor F that is not ample and not 
a multiple of —Kx when r = 9. 

4.2. Euler-Chow series. Let X = P r be the blow-up of P 2 at r < 8 points 
in general position, and let E\(X) = f r (to,ti, ...,t r ) where to = t H an d 
ti = t Ei for i = 1,2, ...,r. Our aim is to develop a recursive formula for 
E 1 (X). 

For each set S = I a } of disjoint (— l)-curves, let Ms be the 

monoid {Yli=i m ih\ m i G Vi}. Since every effective divisor D on X is of 
the form flM]) and h°(D) = h°(A) by Lemma H31 thus 

(4.12) 

/ 



5 /GM S ass-L 5 



A nef \ A nef 



/GA/ S Aes- 1 



where S runs over all sets of disjoint (— l)-curves, S is the group of divisors 
B satisfying BI = for all I £ S, and £/ g a/ s ^ = (i-^i)(i-? 2 ), + ,(i-tJ a ) - 
So naturally we turn to consider the series 

(4.13) N x (t) = h\A)t A = £ ( (A ~f x)A + l) t\ 

A nef A ncf ^ ' 



Let g r (to,ti, ...,t r ) = Nx(t) for X = P r . We first express f r in terms of g. 

Note that for each S in (|4.12p . there is a map 7^ : X — > X$ of Del 
Pezzo surfaces given by contracting the (— l)-curves in S. Obviously, S 1 - = 
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ir* s (Pic(Xs))- Thus, we have 

(4.14) £ h°(A)t A = TT* s (N Xs (t)). 

Aes 1 - 

A nef 

Let a = #S. Clearly, if a ^ r — 1, X$ = P r ~ a ; if a = r — 1, is either 
Pi or F = P 1 x P 1 . In particular, if 5 = S k = {E k+ x, E k+2 , E r }, then 
Xs = Pk and the sum in (|4.14j) is g k (to, t±, t k ); if S = T = {H — E\ — 
E2, E$, E r }, then Xs = Fo and the sum in (|4.14j) is qitot^ 1 , tot^ 1 ), where 
q{ti,t 2 ) = ( 1 _ tl ^ 1 ( 1 _ t2 )^ is the Euler-Chow series of Fo with t\ = t Hl and 

t 2 = t H2 for two rulings {H u H 2 } of F . 

To locate all sets of disjoint (— l)-curves on P r , we cosider the group 
<3? C Aut(Pic(P r )) generated by S r and ip a bc for all 1 <a^b^c<r, 
where the action of the symmetric group S r of {1,2, ...,r} on Pic(X) is 
defined by sending H — >■ H and Ei — > E a n) for a € E r , and ip a b c is given by 

VabdH) = 2H — E a — Et, — E c 
<Pabc{Ea) = H — Ei, — E c 

(4.15) Pote^fc) =H-E c -E a 
¥abc{Ec) = H - E a - E b and 
Pabc(Ei) = Ei for i ^ a,b, c. 

Indeed, for Del Pezzo surfaces P r with 3 < r < 8, <I> are Weyl groups 
A 2 x Ai,A^, D§, Eq, E7, Pg respectively. 

Lemma 4.7. Lei II 6e i/ie set of (-l)-curves on X . Then 

• $(11) = IT, i.e., <I> induces a permutation ofli. Indeed, $ = Aut(LI) 
can be identified with the group of bijections <p : II — > II preserving 
the intersection pairing, i.e., ip(Ii)(p(I 2 ) = I\I 2 for all I±,I 2 € II. 

• For every subset S of disjoint (-l)-curves, there exists cp £ $ such 
that f(S) = Sk or T, where k = r — #S. 

The proof of the above lemma follows the argument for [Hj V, Ex 4.15], 
which we will omit due to its tedious nature. In [Hj V, 4.10.1], <3? is called 
the group of automorphisms of the configuration of lines on X, as II consists 
of lines on X under the map X — > ¥ N by | — Kx \ ■ 

By Lemma |4.7| every set of disjoint (— l)-curves lies in the orbit of S k or 
T under <3>. With this in mind, we can rewrite (|4.12p as 

fr(to,h, ■■■,t r ) 

1 ^ tj 



=Et$^i> Ufa,*!,-,**) n i 

(4.16) k=0 1 bkl <p&i> \ j=k+l 
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where $5 fc and &t are subgroups of <3? consisting of ip with ^p(Sk) = Sk and 
tp(T) = T respectively. 

4.3. Computation of Nx(t). To compute Nx(t), we can apply the algo- 
rithm in the proof of Proposition [ 
Let 



(4.17) p r (to,t 1 ,...,t r ) = L x (t)=^2t 



A 

A nef 



As in (I2.20p . because of (14. 3p . there exists a second order differential operator 
Q such that Nx(t) = Q(Lx(t)), where Q is defined as follows: 

As a result, the computation of Nx(t) comes down to that of Lx(t), the 
formal sum of t over all the lattice points A in the nef cone 
H 2 (X,R) of X. As NM X (X) is a rational polyhedral cone given by Lemma 
14.61 thus we can follow the algorithm in the proof of Proposition 12.31 and 
compute Lx{t) by subdividing NM^X) into simplicial cones. 

Now we compute Lx(t) for X = P r when r < 4. 

Case r = 1. NM 1 (P i ) = {a H + a\{H - Ei)\oq, a x G Z> }. Therefore, 
( 4 - 19 ) Pi{hM)= ( i- to )(i- Wil ) - 

Caser = 2. NM 1 ^) = {a G H+ ai {H -E l )+a 2 {H -E 2 )\a Q ,a l} a 2 G Z> }. 
Therefore, 

( 4 - 20 ) P2(t ,tx,t 2 ) = {1 _ toK1 _ to } tlK1 _ to/t2 y 

Case r = 3. NM^Pj) = {a H - EiU^k G Z >o,0 < i < 3; a > 
en + oj.l < » ^ J < 3}, thus NM^Ps) = {a P" + Y?i=i a i( H ~ E i)Wi G 
Z> ,0 < i < 3}U{ao(2Pr-Ei=l^) + Ei=i a i( fl "-^)l«i G Z >0,0 < i < 3}. 
Therefore, 



(4.21) P3(to,ti,t 2 ,t 3 ) 
+ 



i 



" (l-^/(tl<2<3))(l-Vtl)(l-V*2)(l-V*3) 
1 1 



(l-t0 ) (1- to /* 1 ) (1-to /*2 ) (1 -tO /t3 ) (l-ioAl)(l-V*2)(l-V*3)' 

Case r = 4. NM 1 (P 4 ) = {a # - £; =1 a;Pi| a i G Z >o,0 < i < 4; a > 
a,i + a,-, 1 < i ^ j < 4}. Note that a decomposition of NM 1 (Pj) as a union 
of simplicial rational polyhedral can be given as follows: 

(4.22) NM 1 (P 4 ) = Ci U C 2 U| =1 (C 3 ,i U C 4 ,i), 

where (all the 6j's are assumed to go through Z>o unless otherwise pointed) 

4 4 

Ci = NM 1 (P 4 ) n {]T %■ < «o} = {^o^ + 2 M# - E i) I • • • >. 

i=i i=i 
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4 4 

C 2 = NM 1 (P 4 ) n a j > a o; E cij <ai + ao, Vi > 0} 

4 

= {6 (-if) + ^ 6j(tf - Ej) | fe > 0}, 

4 4 

C 3 _j = NM 1 (P 4 ) n {ai = min* =1 (aj); E aj > a, + a ; E aj < a + 2a;} 

i=i j=i 

4 

= {&(,(-#) + -H) + J2 H H ~ e j) ~ UH - Ek) | hi > 0}, 

i=i 

4 

C 4 _i = NM 1 (P 4 ) n {a, = mmj =1 (aj); E aj > a + 2a.J = {6 (-# - #) 

4 

+ - iT + Ek) + E - Ej) -h(H- Ei) | hi > 0}. 

i=i 

Clearly any two sub-cones as above do not intersect unless both are of the 
form Cs-i- Assume that the set of indices {i,j, k, 1} is exactly {1,2,3,4}. 
We list all possible intersection sub-cones as follows: 

= C3-1 H C3_j 

= {b (-K) + bi(-K -H) + b k (H - E k ) + bi{H - Et) \ b t > 0}; 

= {6o(-iO + U~ K ~H) + h{H - Ei) I h > 0}; 
Cs-ijki = nf =1 C 3 -i = {bo(-K) + h(-K -H)\b x > 0}. 

Denote by Fc(t) the sum X^iteC^ over a lattice C. Therefore, 

4 

(4.23) ^(to,... ,i 4 ) = F Cl (t) + Fc 2 (t) + ^(F C3 _ i (t) + F C4 _(t)) 

i=i 

- E ir c s _«(0+ E F c3-^(*)-^3_^w 

1 \ ^^- H -(e3-e 2 + e 1 - eo ) 



i-t " (i_t-/c)(i_t-A'-H) 

-*-*-^'nL(i-vW' 



+ 1 _ t -K-H Yl ( 1 
i=l \ 



where eo = 1, is the elementary symmetric polynomial of degree k in 
Oi, • • • ,x 4 ), and x k = i_^/ tk for 1 < /c < 4. 
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